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POISSON ALGEBRAS OF CURVES ON BORDERED SURFACES AND SKEIN 

QUANTIZATION 


WATARU YUASA 


Abstract. We define a (co-)Poisson (co)algebra of curves on a bordered surface. A bor¬ 
dered surface is a surface whose boundary have marked points. Curves on the bordered 
surface are oriented loops and oriented arcs whose endpoints in the set of marked points. 
We define a (co-)Poisson (co)bracket on the symmetric algebra of a quotient of the vec¬ 
tor space spanned by the regular homotopy classes of curves on the bordered surface by 
generalizing the Goldman bracket and the Turaev cobracket. Moreover, we define a Pois¬ 
son algebra of unoriented curves on a bordered surface and show that a quantization of the 
Poisson algebra coincides with the skein algebra of the bordered surface defined by Muller. 


1. Introduction 

In this paper, we mainly discuss the Goldman Lie algebra of an oriented surface with 
marked points in its boundary. We review the Goldman Lie algebra and some related 
works. The Goldman Lie algebra of a closed oriented surface S was defined by Gold¬ 
man 121. He defined a Lie bracket, called the Goldman bracket, on the free Z-module 
Z^(S') spanned by the set of homotopy classes of oriented loops on S where Z is the ring 
of integers. The Goldman bracket is defined topologically by using the local intersection 
number and smoothing of two loops at intersection points. He also defined the Goldman 
Lie algebra Z7f(S') of unoriented loops and embedded it into Z7r(S') as a Lie algebra. The 
Lie algebra Ztt (5") was implicitly considered by Wolpert 1(191 . 

On the other hand, the space Hom(7ri(S'), G)/G of the conjugacy classes of repre¬ 
sentations of the fundamental group of S to some Lie group G has a symplectic struc¬ 
ture introduced by Goldman Jh). This is a generalization of Weil-Petersson form on the 
Teichmiiller space of S. Then G°“(Hom(7ri(5'), G)/G) has a Poisson bracket. Gold¬ 
man constructed Lie algebra homomorphisms Z7r(S') —>• G°°(Hom(7ri(S'), G)/G) and 
Z7f(S') —>■ G°°(Hom(7ri(5'), G)/G) for some Lie group G. The definition of a Poisson 
algebra is described in Appendix. 

Roger and Yang ITSll introduced a variation of the Goldman Lie algebra of unoriented 
loops. They defined a Poisson algebra C(S', P) of unoriented curves on an oriented surface 
S with punctures P in int S by generalizing the Goldman bracket to unoriented arcs with 
endpoints in P. Following the approach of Bullock, Frohman and Kania-Bartoszyhska 121 , 
they constructed a Poisson homomorphism C{S,P) —)• G°°(T‘*(S')) by using the Weil- 
Petersson structure of the decorated Teichmiiller space T‘^{S) described by Mondello 1(131 . 

Another aspect of the Goldman Lie algebra appears as a quantization. Let C be the 
field of complex numbers and C[h] the complex polynomial ring in one variable h. For a 
complex vector space V, we denote by V[h] the set of all polynomials in one variable h 
with coefficient in V. 

Definition. A quantization of a Poisson C-algebra B with the Poisson bracket {•, - js is 
an associative C[/i]-algebra A such that 
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(1) is isomorphic to B[h] as C[/i]-modules {A is a free C[h]-module), 

(2) AjhA is isomorphic to B as a C-algebras and the isomorphism induces the Pois¬ 
son algebra isomorphism. 

If we denote the quotient map p: A AjhA, the above Poisson structure on AjhA is 
dehned by 



for any a and b in A. A quantization of B over the ring of complex formal power series 
is similarly defined by making A a topological algebra and replacing the hrst con¬ 
dition with topological freeness of A as C[[/i]]-module. (See Drinfeld IJI for details about 
the quantization.) 

Turaev IfTTl ITSl gave quantizations of the Poisson algebras associated with the Gold¬ 
man Lie algebras of oriented and unoriented loops on an oriented surface. In his papers, 
the freeness is not required in the definition of a quantization of a Poisson algebra. The 
quantization was given by using a skein algebra of the surface. The skein algebra is the 
module generated by the isotopy classes of links in the thickened surface with the skein 
relation. The multiplication of the skein algebra is given by superposition of links. Hoste- 
Przytycki 13 also considered the quantization of the Goldman Lie algebra. Turaev defined 
a cobracket, called the Turaev cobracket, on the Z-module generated by the homotopy 
classes of nontrivial loops on a surface in iflTl fTSl . He gave a co-quantization of the co- 
Poisson coalgebra. Moreover, he showed that the Goldman bracket and the Turaev co¬ 
bracket satisfied compatibility conditions of a Lie bialgebra and gave a bi-quantization of 
the bi-Poisson bialgebra. 

Bullock, Frohman and Kania-Bartoszyriska ||2l gave a quantization of the ring of SL 2 (C)- 
charactors of a compact oriented sruface by using the Kauffman bracket skein module of 
the surface. Roger and Yang irTSll defined the Poisson algebra C(S', P) of unoriented curves 
on punctured surface and gave a quantization by generalizing the Kauffman bracket skein 
algebra. 

In this paper, we will define a Poisson algebra PS(E)''' and a co-Poisson coalgebra 
CS(E)+ of the regular homotopy classes of oriented curves on a bordered surface E. A 
bordered surface E = {S, M) is an oriented surface S with the set of marked points M 
in the boundary of S. The oriented curves on E is oriented loops and arcs with endpoints 
in M. The Poisson bracket and the co-Poisson cobracket are generalizations of a regular 
homotopy version of the Goldman bracket and the Turaev cobracket to those for oriented 
loops and arcs with endpoints in M. The Goldman bracket and the Turaev cobracket 
for regular homotopy classes of loops on a surface was considered by Turaev ifTSl and 
Kawazumi Eol. The Poisson algebra is also a generalization of the swapping algebra de¬ 
fined by Labourie ifT^ . We will also define a Poisson algebra PS(E)+ of unoriented curves 
on E and construct a quantization of a quotient Poisson algebra Sk(E) of PS(E)+. This 
quantization is given by using the skein algebra Skq(E) defined by Muller ifT^ . We denote 
by the -algebra obtained by substituting q = exp(/i/2) into C[q^ ,q~i]- 

algebra Skq(E) 

Theorem ( I5.8l l. The map p: Sk(E) gives a quantization of Sk(E). 

On the other hand, a relation between Skq(E) and the quantum cluster algebra Aq(E) 
obtained from a triangulation of E was shown by Muller IfTTl . (See Fomin and Zelevin- 
sky 131 and Fomin, Shapiro and Thurston Q for details about cluster algebras and Beren- 
stein and Zelevinsky ||T] about quantum cluster algebras.) 
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Theorem (Theorem 9.8 of Muller iflTl '). If a bordered surface S is triangulable and has at 
least two marked points in each boundary component, then 

A,{^) = Sk°(E). 

The above Sk°(E) is the localized skein algebra defined by Muller 041 . The special¬ 
ization g = 1 of becomes a commutative cluster algebra and ,4i(E) = Sk^(E), see 

Corollary 11.5(1) of Muller d. These results show that the Goldman Lie algebra of E is 
related to the cluster algebra through the quantization. 

This paper is organized as follows. Section|2]is preliminary definitions. Section|3]and 
0] give the definitions of the Poisson algebra and the co-Poisson coalgebra of the regular 
homotopy classes of oriented curves on a bordered surface. We define the Poisson algebra 
of unoriented curves on a bordered surface and give its quantization in Section |5] Sec- 
tion|6]is a review of definitions of Poisson algebras, co-Poisson coalgebras and bi-Poisson 
bialgebras. 

Acknowledgment. The author would like to express his gratitude to his adviser, Hisaaki 
Endo, for his encouragement and helpful discussion and to Nariya Kawazumi for helpful 
comments. The author was supported by JSPS KAKENHI Grant Number 12J01252. 

2. Preliminaries 

This section gives definitions of main targets and notations which we treat in this paper. 

We consider an oriented, compact, connected and smooth surface S with boundary. The 
boundary dS contains a finite set M of marked points. For each marked point in M, we 
fix an inward normal vector to dS. We call the pair E = (S', M) a bordered surface. 
We allow a bordered surface which has boundary components with no marked points. We 
define curves on a bordered surface E = (S, M). 

Definition 2.1. 

• A loop on E is an oriented immersed loop on int S = S \ dS whose self¬ 
intersection points consists only of transverse double points. The set of loops 
on E is denoted by Loops(E). 

• An arc on E is an oriented immersed arc on S with endpoints in M whose interior 
is disjoint from dS. Moreover, we require that self-intersection points of the arc in 
int S are transverse double points and the arc is tangent to inward normal vector 
on M at the endpoints. The set of arcs on E is denoted by Arcs(E). 

• A curve on E is a loop or an arc on E. We denote the set of curves by Curves(E) = 
Loops(E) U Arcs(E). 

• A subset X of Curves(E) is generic or generic curves if X has only finite trans¬ 
verse double points in int S. 

Remark 2.2. Dylan Thurston call generic subsets of Curves(E) curve diagrams on E and 
elements of Curves(E) connected curve diagrams in his paper ifT^ . 

We consider the following equivalence relation on Curves(E). For generic subset {a, /3} 
of Curves(E), the curve a is regularly homotopic to (3 if there is a finite sequence of generic 
curves {/i, / 2 ,..., /„} C Curves(E) such that /i+i is obtained from fi by ambient iso- 
topy of S fixing a collar of dS or one of the moves (122-1), (122-2), (123) and (12b2-l)- 
(12b2-4) illustrated in Figure |2] We denote the set of regular homotopy classes of curves 
on E by 7r(E)+. 

We define the local intersection number of two curves on E. Let {a, /3} C Curves(E) 
be generic. We define the local intersection number of a and /3 at an intersection point p. 
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Figure 1. intersections of curves 




(nb2-l) (rib2-2) 



(ttb2-3) {nb2-4) 

Figure 2. local moves of curves 


Definition 2.3 (the local intersection number). If p is in S' \ dS, 


s{p;a,l3) = 


1 if (X) > 

— 1 otherwise. 


If p is a marked point in M, 

e{p;a,l3) = 




m m m m 


otherwise. 


We next introduce notations which represent subarcs or based subloops of curves on S. 
We take a curve a in Curves(S) and distinct points p and q on a. 

• a^: I = [0,1] S is obtained along a such that q;^(0) = p, q;^(1) = q and 
p,q^ a«(/\(9/). 

If a G Loops(S) and p is not a self-intersection point of a, then 

• ap is the based loop at p obtained from a. 
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If p is a self-intersection point of a, then we take two tangent vectors vi and V 2 of a at p 
such that {vi,V 2 ) coincides with orientation of S. For i = 1,2, We can obtain the based 

('j') 

loop ap which goes from p in the direction of Vi along a and stops at the hrst meeting p. 
Let q; be in Arcs(E) and p a self-intersection point of a in int S, then we can define either 
or a^p^. We call the self-intersection point p is type(I) (resp. type(II)) if we can dehne 
(resp. d'p^). (See FigureO For x, y in M, we can decompose an arc a = on E to 
three parts a^, a^p'^ (resp. and if p is type(I) (resp. type(II)). 



Figure 3. subloops and 


3. Poisson algebras of curves on bordered surfaces 

We will define a Poisson bracket for two regular homotopy classes of curves on E in 
this section. Let us denote by K a commutative associative ring with unit containing the 
held of rational numbers, (f) the inhnite cyclic group generated by t and K[f, = K(f) 
the Laurent polynomial ring. 

Let K'n-(E)+ be the free K-module on 7r(E)+. The Laurent polynomial ring K[f, t~^] 
acts on K7r(E)+ such that the action of t (resp. t~^) on a curve on E is an insertion of a 
positively (resp. negatively) oriented monogon into interior of the curve. Thus K7r(E)+ 
is a K[t, f“^]-module. Then we dehne the K[f, -module Z(E)+ as the quotient of 
K'n-(E)+ by the K[f, f“^]-submodule C'^ generated by monogons with vertices in M. The 
monogons are contractible arcs on E which have no self-intersection points. We denote by 
I a I the element of .^(E) represented by a in Curves (E). Let us denote by S(E)+ the 
symmetric K[f, f“^]-algebra Sym(Z(E)+). 

Remark 3.1. 

(1) Let 7r(E) be the set of homotopy classes of curves on E and Cm the K-submodule 
of K7r(E) generated by contractible arcs on E. Then Z(E)+/(f — 1)Z(E)+ = 
.Z(E) = K7r(E)/CM- We denote the symmetric K-algebraof Z{T,) by S(E). 

(2) A curve diagram is an generic immersion of a 1-manifold {X,dX) {S,M) 
which dehned by Thurston ifThl . In our own words, the set of curve diagrams is 
the set of all generic curves on E. He dehne the commutative associative monoid 
C(E) of regular homotopy classes of curve diagrams on E whose unit is the empty 
diagram. The multiplication of two curve diagrams is given by the union of two 
diagrams. A subset X of Curves(E) dehnes an element of Sym(K7r(E)''') by 
multiplication of regular homotopy classes of elements in X. The monoid ring 
KC(E) is isomorphic to Sym(K7r(E)+) through the above map. 
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We next define a bracket on S(S)+. We take curves a and b in Loops(I]) and 1 = ii 
and ?7 = 77 “ in Arcs(E) such that {a, b, 7 , rj} is generic and x, y, z and w are in M. We 
define a bracket {•, •}': Curves(E) x Curves(E) S(E)+ as the following. 

(3.1) {a,by = e{p-,a,b)\apbp\, 

p^aOb 

(3.2) {a,??}'= ^ e(p;a,? 7 ) |? 7 fap 77 “| , 

pGaOr) 

(3-3) {l,by = £{p]'r,b)\jPbpj^\ , 

p^^nb 

(3-4) { 7 , 77 }'=^ £{Pll,v)\l^vy\\Vzlp\ 

p€^nr) 

= |7^??p I |»7z7p| 

pG7n77nint S 

+ S:r,ze(x; 7 , 77 ) I 7 II 77 I + 5y^^e{x\ 7 , 77 ) |?7| I 7 I, 

where 5 is the Kronecker delta function. We know that (I3.1I) - (I3.4I) are invariant under 
local moves (172-1) and (173). (See Goldman I?].) We can also confirm that (I3.11 l- (l3.41 i are 
invariant under (172-2) and (I3.41 l is invariant under (17b2-l)-(17b2-4) by comparing terms 
of the bracket coming from intersection points illustrated in diagrams of local moves. For 
example. 


the terms coming from {a, /3}' of 




the terms coming from {a, (3}' of f 




= the terms coming from {a, y}' of 



When 7 or ?7 is a monogon with vertex in M, then the bracket vanishes. Therefore we 
can define the K[f, 7“^]-bilinear map V' = Z(E)+ ( 8 >t Z(S)+ —S(E)+. The 

symbol denotes the tensor product over K[f, Using the Leibniz rule, the bracket 
is extended to V = {•, •}: S(S)+ S(E)+ ^ S(E)+. 

We can easily prove the following lemma. 


Lemma 3.2. 

(1) If V' is skew symmetric, then V is skew symmetric. 

(2) If V' is skew symmetric and satisfies the Jacobi identity, then V satisfies the Jacobi 
identity. 


Proof. Use the Leibniz rule and an induction on the degree of symmetric power. 
Proposition 3.3. V' is skew symmetric and satisfies the Jacobi identity. 


□ 


POISSON ALGEBRAS OF CURVES ON BORDERED SURFACES AND SKEIN QUANTIZATION 


7 


Proof. We can see V' is skew symmetric by the definition of the bracket and the local 
intersection number. We prove the Jacobi identity. We take curves a, b and c in Loops(E) 
and 7 = 7 ^, p = and C = in Arcs(E) where x, y, z, w, u and v are in M. We assume 
that {a, b, c, 7 , rj, C} is generic. For a, b and c, the Jacobi identity is satisfied because the 
definition of V' for loops coincides with the Goldman bracket. We have to prove three 
equalities: 

(3.5) {{a, b}', 7 }' + {{&, 7 }', a}' + {{ 7 , a}', b}' =0, 

(3.6) {{a, 7 }', p}' + {{ 7 , p}', a}' + {{p, a}', 7 }' =0, 

( 3 . 7 ) {{7, 7}', C}' + {{7, C}', 7}' + {{C, 7}', vY = 0 . 

We can prove these equalities by direct calculation. We leave the readers the calculation of 
(13.5b because it is simpler than (13.6b and (13.7b . We will calculate (13.6b and (13.7b according 
to the definition of the bracket using the Kronecker delta function. First, we calculate (13.6b . 

{{a,iy,vy 

(3.8) = e(7’;a>7)£(7;7,7) |7^<| |7Xap7p| 

peaCij qe 75 nr)nint s 

(3.9) + ^ e(p;a, 7 )e(y;a,p) | 7 >«p“| | 77 «aP 7 ^| 

pGaDy q^aDr} 

(3.10) +Y ^(F;a,7)e(<?;7,7) |7%7p7^| hl7g| 

peacij qe 7 “n 7 )nint s 

((51) + (the terms of degree 1 of the Kronecker delta function), 


{{ 7 , 7 }', a}' 

(3.11) = H X! £(P;7,7)£('7;7(a) I |7z7p| 

pg7nr/nint S qG'fSna 

(3.12) + Y X! |7Pp^a,?7^| |pP7^ 

p€7n??nint S qGiT^na 

(3.13) + ^(F;7,7)e(7;7,a) |7^7p I |7>(?79 7p| 

peTOTjUlint S (jgrjJna 

(3.14) + ^(7’;7(7)e(7;7(a) |7x7p I |7z7pa,j7q| 

P&'ynp qej^na 

(52) + (the terms of degree 1 of the Kronecker delta function), 


(3.15) 

(3.16) 

(3.17) 

(< 53 ) 


{{7,a}'(7}' 

= Y Yl ^(F;7,a)e(7;7,7) |7z79| I 

p&pna q^ri^njnint S 

+ Y Y £b;7(a)£(7;a(7) |7za®79| |7>q7p I 

p^pHa q^an-y 

+ Y Y ^(P'’V,aM<l',a,l)\Vzall^\\lWqVy\ 

pGpHa q£ar\f 

+ (the terms of degree 1 of the Kronecker delta function). 
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The sum of (13.8b and (13.10b is the sum of subset of curves obtained from a U 7 U ry by 
smoothing at any pair of intersection points p € a fl 7 and g G 7 H 77 with the sign 
£(p; a, 7 )e(q; 7 , f]). We remark that a subset {ai,a 2 , ■ ■ ■, an} of curves on S gives the 
element |ai| \a 2 \ ■ ■ ■ |a„| of S(S)+. The sum of (13.11b and (13.14b is also the sum of the 
curves with the opposite sign e{q; 7 , rj)£{j)\ 7 , a). Therefore, these sums cancel each other 
out. Similarly, the sum of (13.15b and (13.17b cancels out the sum of (13.12b and (13.13b . 
Clearly, (13.9b is opposite in sign to (13.16b . It is only necessary to confirm that the terms of 
degree 1 of the Kronecker delta function vanishes. 

(,51)= ^ ^y,»e(p;a,7)£(j/;7,r7) |7>p7^| |r?| 

p^ar\'y 


{ 52 ) = ^ (5y,u,£(p;7,a)e(t/;7,?7) 17^0^7^! hi 

p€ 7 na 

+ X! hi |7?ap7p| 

pGpHa 

+ X! 7, a)£(a:; 7 , 77 ) |77fap77p I hi 

p^pHa 

+ X! '^^.>"S(P;7,a)eh;7,7) hi |7>p7p| , 

p€ 7 na 


(53)= ^ 5u,,y£(p;?7,a)e(w;7,7) l^zOpPp I hi 

pGpPla 

+ X! h.a:e(p;?7,a)eh;r7,7) |r7fapr7p I hi • 

p^pHa 


From the above, we see that the sum of (51) and (53) cancels out (52). Consequently, the 
Jacobi identity (13.6b holds. Finally, we prove (13.7b . 


(3.18) 
{{7,7}'C}' 

(3.19) 

(3.20) 

(3.21) 

(<54) 

(<5<5) 


= Y ^(F;7,7)eh;7h) |7K^| |C7g7p I |7z7p| 

pe7npnint s qe7i;ncnint s 

+ Y Y hF;7,7)h7;7,C)|7^t7Xl|CXll« 

pe7npnint s qep^ncnint s 

+ Y Y £(P;7,7)e(9;t?,C) |7x7p I ItyKgl |C797p| 

pe7npnint s qgpf ncnint s 

+ Y Y £fe7,7)e(9;7,C) |7S7p I |7z7pQ| |C7g 

pe7npnint S ncnint s 

+ (the terms of degree 1 of the Kronecker delta function) 

+ (the terms of degree 2 of the Kronecker delta function). 


The sum of (13.18b and (13.21b appears in a cyclic permutation of the symbols ( 7 , 77 , (}) at 
the sum of (13.19b and (13.20b with the opposite sign. We can confirm that the terms of 
(13.7b which has no Kronecker delta function vanishes in the same way. We can calculate 
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remaining parts (M) and (SS) as the following. 

(3.22) (i54)= Sx,z£{x;j,r))eip;-fX)\'yxCp\\Culp\\v\ 

2 ?G 7 nCnint s 

(3-23) + Y S^,^^i^'^^^v)£{P',V,Oh\\r]zCp\\CuVp\ 

pGrynCnint S 

(3-24) + Y ^y,w£{y]l,vMp;i,0\v\\"f^Cp\\Culp\ 

pG7nCnint S 

(3-25) + Y ^v,^s{y;-f,r])e{p-Tj,C)HCp\\CuVp\\l\ 

pGrynCrimt s 

(3-26) + Y ^x,u£{x-,-f,C)e{p;-f,p)\jPr]^\\C\\v^^j^\ 

pG7nrynint S 

(3-27) + Y Sw,v£{w,V,0£(.P',l,v)\C\\lxVp\Hlp\ 

pG7n77nint S 

(3-28) + Y ^z,ue{z;TjX)£{p-,l,v)\lxVp\\Vzlp\\C\ 

pG'jnrjnint S 

(3-29) + Y ^^,z£{y;i,0£{pii,v)\ixVp\\C\\vzip\- 

pG'jnrjnint S 

The opposite sign of (13.221) coincides with a cyclic permutation of (7, p, () at (13.28b . Sim¬ 
ilarly, (13.23b . (13.24b and (13.25b correspond to (13.26b . (13.27b and (13.29b . respectively. 


(3.30) 

(66) =6x, 

z6, 


;a;;7,7)e(a;;7,C) 71 ICI 71 

(3.31) 

+ 

6x. 


^e{a;;7,p)e(j/;7,C) ICI 71 71 

(3.32) 

+ 

6x. 

^zSz, 

ue(a;;7,?7)e(2:;?7,C) 71 71 ICI 

(3.33) 

+ 

6x. 

jZ^W. 

.v£{x;j,r])e{w;p,C) 71 ICI 71 

(3.34) 

+ 


,'W^X 

,„e(2/;7,?7)e(x;7,C) 71 71 ICI 

(3.35) 

+ 

^y, 

,w^y. 

,„e(y;7,?7)e(j/;7,C) 71 ICI 71 

(3.36) 

+ 

^y, 

,w^z. 

,ue(2/;7,?7)e(z;p,C) 71 ICI 71 

(3.37) 

+ 

^y, 

,w^w 

,v£{y,l,v)£{w;r]X) ICI 71 71 


In a similar way, (13.30b . (13.31b . (13.33b and (13.35b correspond to (13.32b . (13.36b . (13.34b and 
(13.37b . respectively. We hnish proving the Jacobi identity (13.7b . □ 

Lemma 1371 and Proposition 13.31 tell us that the pair (S(E)+, V) is a Poisson algebra. 
We denote it by PS(E)+. When we put f = 1, we can obtain the Poisson sttucture on 
S(E). We denote it by PS(E). 

Remark 3.4. 

(1) If M is the empty set, then the Poisson algebra PS((S', M)) is the Goldman Lie 
algebra of S. 

(2) Kawazumi-Kuno ifTTl dehned an action of the Goldman Lie algebra of S on the 
module generated by the homotopy set of Arcs(E). We can consider the action as 
the inner derivatoin of PS(E). 

(3) Labourie lfT2l dehned the swapping algebra Ck{M) where M is a set of points of 
the boundary of a disk D = {z € C \ \z\ < 1} and fc any real number. PS((D,M)) 
coincides with the swapping algebra Co{M). 


































10 


WATARU YUASA 


4 . CO-POISSON COALGEBRAS OF CURVES ON BORDERED SURFACES 

Let Cq be the K[i, t“^]-submoduleof K 7 r(S)+ generated by a trivial loop with no self¬ 
intersection. The submodule Cq is uniquely determined although we have two choices of 
such a trivial loop, the positive or negative curl. We denote the quotient K[f, t“^]-module 
K'n-(E)+/(C^ + Cq) by Z(T,)q, the quotient map Curves(S) ^ Z(E)J by || • ||. The 
symmetric K[t, f“^]-algebra S(E)(| = Sym(Z(E),^) has a commutative and associative 
multiplication m and a cocommutative and coassosiative comultiplication A which define 
a bialgebra structure on it. 

In this section, we define a cobracket of S(E)q which is a generalization of Turaev 
cobracket El ED. We show that the cobracket and the bialgebra structure on S(E)J are 
compatible. 

First, we define a cobracket on S(E)(]’. For any curve a on E, we denote the set of all 
self-intersection points of a by iti a. If a is in Arcs(E), then iti a decomposes to two sub¬ 
sets type(I) and type(II). We denote the subset of type(I) (resp. type(II)) self-intersection 
points by rfip) a (resp. iti(ii) a). Let a in Loops(E) and 7 in Arcs(E) be generic. We define 
S': Curves(E) —>■ S(E)|}' 04 S(E),j' as the following. 


(4.1) 

(4.2) 


= J2 I 

pGfha 

'^'( 7 ) = 

pGrti(i)7 


,( 1 ) 


^( 1 ) 

'P 


,( 2 ) 


,( 2 ) 


,( 1 ) 


7^7^ - 7^7^ 


+ H 117^7; 

= E 

pGrh(i)7nint S 

+ E 

pGrh(ii)7nint S 


7-(l) 

'p 


^( 2 ) 

'p 


l^P'yyl 

I lx Ip \ 


7 ,( 2 ) 

Ip 


^( 1 ) 

Ip 


117^7^1 


Up 7 ,?/ 

\ lx Ip \ 


^( 2 ) 

Ip 


T/Pt/P 
I Ix Ip \ 


^( 2 ) 

Ip 


7,(1) 

Ip 


UP. 7 P 
I lx Ip \ 


We can confirm that S' defines the same element in S(E)|}" (g)t S(E)J for local moves 
(02-1), (02-2), (03), (Ob2-2) and (Ob2-3). For example. 


the terms 


O' 

coming from S'(a) of ; Q ; 



. ;V: - : V; 







-f 




= 0 . 


We do not need to calculate local moves (Ob2-l) and (Ob2-4) because connected arcs have 
no such self-intersections. If a is a curl or a monogon with vertex in M, then the value 
S'{a) vanishes. Therefore the map S' extends to S: Z(E)+ —^ S(E)J S(E),1^ and the 
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extended map (5 is a K[t, -linear map. Furthermore, we extend it to the K[t, t“^]- 
linear map on S(S)+ by using the (m, (5)-compatibility. (See Appendix.) Consequently, 
we obtain the K[t, i“^]-linear map (5: S(S)q —>• S(S)q (8 )t S(S)q . 

Lemma 4.1. 

(1) If (5' is co-skew symmetric, then S is co-skew symmetric. 

(2) If S' satisfies the co-Leibniz rule, then S satisfies the co-Leibniz rule. 

(3) If S' is co-skew symmetric and satisfies the co-Leibniz rule and the co-Jacobi 
identity, then S satisfies the co-Jacobi identity. 

Proof. Use the (m, (5)-compatibility and an induction on the degree of symmetric power. 

□ 


Proposition 4.2. S' is co-skew symmetric and satisfies the co-Jacobi identity. 


Proof. It is clear that the map S' is co-skew symmetric by definition. We directly calculate 
(t^ -|-T-|-id®‘^) o (id(g)i (5') 0(5'(a) to prove the co-Jacobi identity. If a is a loop on S, then 
the map S' coincides with the Turaev cobracket. We have to confirm the co-Jacobi identity 
when a is an arc on S. 

Let 7 = 7 ^ is an arc on S with endpoints x and y in M. Then, 

(id (g)t S')oS'{-il) 



= E 

E 

( 


(4.3) 

peiti<i)7 9erli(i)7i; 

V 



- 

’p 




+ E 

E 

( 

7^'^ ||(7S7p^)^(7S7p^)^||®* 7f 

(4.4) 

perh(i)7 9Giti(ii)7l: 

1 -y 



- 



7f ®*||(7S7,")^(7^p^)^||) 


- E 

E 

(IIt 

r7p (7p^^)g^^ ®t {l^p'^fq 

(4.5) 

perh(,)7 9erli7^"’ 

- 




+ E 

E 

(ih 


(4.6) 

pertl(„)7 

- 


{in ) 


- E 

E 

( 

i^p^ {ihn ®A\{im{n)i 

(4.7) 

pGrti(ii)7 (3eiti(i)7l: 

1 -y 



- 





- E 

E 

( 

Ip'^ ®t (7S7p)x(7S7p)g ®i Ip'^ 

(4.8) 

pGrh(ii)7 (jeiti(ii)7; 

0 y 
clp 



- 

fp 


7f ®t\Hi^p)iii^.in\) 
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where rh in (14.51) and (14.6b is the set of self-intersection points of the free loop obtained 
byjp^ fori = 1,2. Setting 7 ^ (Hp) 7 ^ = itip) 7 ^ 07 ^ (" 17 ^ \{p}, we can obtain the following 
decomposition rfi(i) 7 ^ 7 ^ = (rfip) 7 P)U(iti(i) By using the decomposition, 


(lOl) = 


perh(i,7 (jerh(i)7x 


7,(1) 

Ip 


.(1) 


\ lx Iq !p \ 


7 ( 1 ) 

Ip 


I lx Iq Ip \ 


v(l) 


7 ,( 1 ) 

Ip 




^(1) 

Ip 


117^7X11- Tp 117^7^7,^11 

1) ^ "7?7p|| - ||7x7^|| ||7x7^ 


+ Z E ( 

peiti(i)7 qeihmip 

+ Z E ( 

perh(i) 7 ,671(0(1)7^ 

We calculate (I4.4b - (l4.8b in the same way and we can confirm the co-Jacobi identity. □ 


^(1) 

'9 


Iq lp\ 


By Lemma l4n and Proposition 14.21 the pair (S(E)(j', S) is a co-Poisson coalgebra. We 
denote it by CS(E)+. 


Remark 4.3. We can define the co-Poisson coalgebra CS(I]) by substituting f = 1. To 
explain more precisely, we denote by Co the K-submodule of K 7 r(E) generated by the 
trivial loop. The quotient Z(E)o = K7r(E)/(C'M + Co) is Z{T,)q /(t— 1 )Z(Y])q. Then 
we can define the cobracket on the symmetric K-algebra S(E)o = Sum(Z(E)o) which 
induced from the above S. We denote the co-Poisson coalgebra by CS(E). 

Remark 4.4. The bracket on PS(E)+ induces a Poisson structure on S(E)(]^. Although 
S(E)^ has the bracket and the cobracket, they do not satisfy the compatibility conditions 
of a bi-Poisson bialgebra. To be precise, the (V, A)-compatibility is not satisfied for two 
arcs on E. We show a counter-example in Figure |4] 



7 


(5V(7 0tr/) — 0 
VaS(j ty) 7 ^ 0 


Figure 4. a counter-example of the (V, A)-compatibility 

5. Poisson algebras of unoriented curves and its quantization 

Let E = (S', M) be a bordered surface. We define unoriented curves on E by identifying 
oriented curves on E and its inverse. We denote the set of unoriented curves, loops and 
arcs by Curves(E), Loops(E) and Arcs(E) respectively. We denote the set of regular 
homotopy classes of unoriented curves on E by 7 f(E)'''. Let G'=(T|T^ = l)be the 
cyclic group of order 2, KG the group ring and (KG) 7 f(E)+ the free KG-module with 
basis 7 f(E)+. The submodule Ct of (KG) 7 f(E)+ is generated by the elements T |a| — 

I Of'I for any a in Curves(E) where a' is a curve obtained by inserting a monogon into 
interior of a. We remark that we have two choices of a' because a is two-sided and these 
elements in 7 f(E)+ may be different. The submodule C^ of (KG) 7 f(E)+ is generated 
by the unoriented monogons with vertices in M. Then the KG-module Z(E)+ is the 
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quotient of (KG')7f(i;)+ by Ct + and PS(E)+ = Sym(Z(S)+). We use the same 
symbol | • | for representing the quotient map Curves(E) —Z(S)+. For any subset X = 
{ai, 02 ,..., a„} of Curves(E), \X\ denotes the element |ai | |a 2 | • ■ • |a„| of PS(E)+. 

Let {01,02,... ,a„} be a generic subset of Curves(E). We define local moves of 
oi U 02 U • • • U o„ for n-tuple of generic unoriented curves (01,02,..., a„). Let p be 
an intersection point of oi and Oj where l<i<j<n. A neighborhood of p has two 
subarcs o' of oi and o' of aj . We give an orientation of the subarcs such that the pair of 
tangent vectors at p obtained from (o',o') coincides with the orientation of the surface 
S. Ep(oi, 02, ..., o„) denotes unoriented curves obtained by smoothing the crossing at 
p under the given orientation. We define ep(oi, 02,..., an ) as the unoriented curves ob¬ 
tained by exchanging oi and aj of Ep(oi, 02, ..., o„). We illustrate the two eliminations 
Ep and ep at the intersection point p in Figure |5] Let pi,p 2 , ■ ■ ■,Pm be intersection points 



Ep(o, h) 


ep{a,b) 


Figure 5. elimination of crossing at p 


of distinct two curves in Ui<i<ra Let us denote by Xp^Xp^ ■ ■ • Xp^ (oi, 02 ,, a„) un¬ 
oriented curves obtained by performing the eliminations Xp^ under the above rule where 
the symbol X is E or e. 

For any a and b in Curves(E), We define a bracket on S(E)+ by 
{a,b}= |Ep(a,&)| - |ep(a,&)| 

pGanfcnintS 

+ ^{n+ia, b) - n-{a, b)) |a| |6|. 

In the above, n+(a,b) (resp. n-(a,b)) is the number of pairs of endpoints of a and b 
such that the pairs of endpoints lie in the same marked point m in M and a is locally 
located on the right (resp. left) side of b in the neighborhood of m. We can confirm 
that the value of the bracket is invariant under the unoriented local moves (fil)-(fi3) and 
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(rib2) 


Figure 6 . the local moves of unoriented curves 

(fib2) illustrated in Figure| 6 ] Thus the bracket is dehned on 7 r(E)+ and we extend it KG- 
bilinearly. We obtain {•, •}: (KG) 7 f(E) (KG) 7 f(E) —!• S(I])+ where the symbol ®g 

denotes the tensor product over KG. If a or 6 is a monogon with vertex in M, then the 
bracket vanishes. We can also confirm that the bracket vanishes on (KG) 7 f(E) (g)^ Ct + 
Ct (KG) 7 f (E) because the bracket preserves monogons in the curves. Therefore, we 
can dehne the bracket on Z(E)+ and extend to S(E)+ by the Leibniz rule. 

We can easily show the following lemma by definition. 

Lemma 5.1. Let {oi, 02 , ..., a„} and {a, b} be generic subsets of Curves(E). 

(1) , 0,2 5 ■ • ■ 5 Uj, . . . , CLj , . . . , Qn) — (ttl ? ? • ■ • ; 5 ■ • ■ 5 Uj, . . . , Gn} fttf Hit ilt“ 

tersection point p of at and aj. 

(2) n+(a, b) = n-(a, b). 

Proposition 5.2. The pair (S(E)+, {•, •}) is a Poisson algebra. 

Proof. Lemma ISTI implies skew-symmetry of the bracket. We have to show the Jacobi 
identity. Let us denote n+(a, b) — n-{a, b) by N{a, b). Let a, b and cbe in Curves(E). 

= XI {|Ep(a,&)Mc|} - {|ep(a, 6 )|, |c|} 
p€anfenint S 

+ i7V(a,6){|a|H,|c|}. 

For any p in a fl 6 fl int 

{|ep(a,&)|, |c|} = X |E 5 ep(a, 6 ,c)| - |e,ep(a, 6 ,c)| 
gGaflcnint S 

+ X |E,ep(a, 6 ,c)| - |e,ep(a, 6 ,c)| 

gGf>ncnint S 

+ i(iV(a,c)+A^( 6 ,c))|Ep(a,&)||c|, 

{|Ep(a,&)|, |c|} = X |EqEp(a,&,c)| - |e 5 Ep(a, 6 ,c)| 
gGaDcnint S 

+ X |EgEp(a,6,c)| - |e,Ep(a,&,c)| 

g^bncnint s 

+ + N{b,c)) |ep(a, 6 )| |c|. 
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{\a\\b\,\c\}= E |E,(a,c)||6|-|e,(a,c)||6| 

gCancflint S 

+ E |E 9 (fe,c)| |a| - |e,(6,c)| |a| 

q^bncDint S 

+ ^iNia,c) + N{b,c)) |a| |&| |c|. 

Taking the above calculations together, 

(5.2) 

= E E \^q^p{a,b,c)\-\egEp{a,b,c)\-\Egep{a,b,c)\ + \egep{a,b,c)\ 

pCan&nint S gCancDint S 

(5.3) 

+ E E \^q^pia,b,c)\-\egEp{a,b,c)\-\Egep{a,b,c)\ + \egep{a,b,c)\ 

pCanbnint S q^bncDint S 

(5.4) 

+ E +iV(&,c))(|Ep(a,6)| |c| - |ep(a,6)| |c|) 

pCaflbnint S 

(5.5) 

+ E ^)(|E 9 (a, c)| \b\ - |e,(a, c)| |6|) 

pCancDint S 

(5.6) 

+ E b){\Eg{b, c)\ |a| - \eg{b, c)| |a|) 

pCbncDint S 

(5.7) 

+ b){N{a, c) - N{b, c)) |a| |&| |c|. 

Replacing the symbols (a, b, c) of (I5.21 i with {b, c, a), 

E E |EgEp(6,c,a)| - |egEp(&,c,a)| - |Egep(6,c,a)| + |eqep(&,c,a)| 

pC&ncnint S qGbDanint S 

= E E |egEp(a,6,c)| - |E,Ep(a,&,c)| - |egep(a,&,c)| + |E,ep(&,c,a)| 

gCan&nint S pGbncDint S 

= - dOl) 

by using Lemma ISTI Consequently, (I5.21 i and (I5.31 l vanish in {a, {b, c}} + {b, {c, a}} + 
{c, {a, 6}}. We can show that (I5.41 i of {6, {c, a}} cancels the sum of (I5.61 l and (I5.51 l of 
{c, {a, &}} by similar calculation. Finally, We can confirm that (15.7b of {a,{b,c}} + 
{&, {c, a}} + {c, {a, &}} vanishes by using N{a, b) = —N{b, a). □ 

We denote the Poisson algebra (S(E)+, {•, •}) by PS(S)+. 

We can consider variations of PS(S)+ by substituting T — 1 and T = —1 by the same 
way as substituting f = 1 in PS(E)+ and CS(E)+. Let us denote these Poisson K-algebras 
byPS(E)+|T=i and PS(S)+|t=-i. If we substitute T = 1, then K(i? is replaced with iL, 
Z+(E) with Z{Y,) = K7r(S)/C'M where 7f(E) is the set of homotopy classes of curves 
on E and Cm is the submodule of K7r(E) generated by the contractible arcs. Therefore 
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PS(E)+ |t=i is the symmetric K-algebra of Z(S) with the Poisson bracket induced from 
PS(S)+. We denote the Poisson algebra by PS(S). 

We will discuss about the Poisson algebra PS(E)“''|t=-i- Concretely speaking, we 
will give a quantization of a quotient Poisson algebra of PS(E)+ As a first step, we 

define the skein algebra of E defined by Muller M- The skein algebra Skq(E) is given 
by the quotient of the algebra of framed links in E x [0,1] by the skein relators. Next, 
we give the Poisson algebra Sk(E) which is a quotient of PS(E)+| 7 ’=-i by the relations 
corresponding to the skein relations. Finally, we will give a quantization homomorphism 
from Skg(E) to Sk(E) by q 1. 

We give the definition of framed links on a bordered surface E combinatorially by using 
link diagrams according to Muller llT4l . 

Definition 5.3. Let D = {oi, 02 ,..., a„} C Curves(E) be generic unoriented curves on 
E. We consider D as the immersion oi U 02 U • • • U o„ from the disjoint union of domains 
to S. We give a strict order “<” on D~^{p) for any intersection point p of I? in int S. We 
give a total order “<” on D~^{m) for any intersection point m of Z? in M. We define the 
link diagram I? on E as generic curves D equipped with these ordered set, the crossing 
data of D. 

If the strictly ordered set D~^{p) = {pi,P 2 } has the order pi < p 2 , then we can also 
describe diagrammatically it in a neighborhood of p € int S as Figure ??. We illustrate 
the neighborhood of p G int S by gapping the strand containing p 2 at p. We call the strand 
containing Pi (resp. P 2 ) is the overcrossing (resp. the undercrossing) of pi (resp. P 2 ) atp. 

If we take two elements m-i and m 2 from the total ordered set D~^{m), we can also 
describe the strand of mi and m 2 diagrammatically in a neighborhood of m in the same 
way. We illustrate as the real crossing for mi = m 2 . We call the strand of mi is the 
simultaneous-crossing with m 2 at m. 



Figure 7. the crossing data 


simultaneous-crossings 



Let us denote by .^(E) the set of link diagrams on E. We define an equivalence relation, 
regular isotopy, on ^(E) according to the approach of Kauffman ||9l. 

Definition 5.4. Link diagrams D and D' are regularly isotopic if D is obtained from D' 
by a finite sequence of ambient isotopy of S fixing collar of dS and preserving crossing 
data and Reidemeister moves (R2), (R3), (Rb2-1) and (Rb2-2). See Figured The set of 
regular isotopy classes of link diagrams on E is denoted by .jSf (E)+. A framed link is an 
element in .5f(E)+ and we denote by \D] the framed link represented by the link diagram 
D. 


We remark that ^(E) has the empty diagram 0 and .if(E)+ has the empty link [0]. 
We can define the multiplication of two link diagrams Di and D 2 by superposition of link 
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(Rb2-1) (Rb2-2) 

Figure 8. the Reidemeister moves 


diagrams if Di U D 2 is generic. Then we give crossing data on Di fl D 2 such that all 
strands of Di contained in neighborhoods of Di n D 2 are overcrossings and strands of D 2 
are undercrossings. We denote the multiplication by Di ■ D 2 . Let Li and L 2 be framed 
links on E. We can take representatives Di of Li and D 2 of L 2 such that Z?iUZ )2 is generic 
curves on S. Then jSf (S)+ has the multiplicative structure defined by L 1 L 2 = [Di ■ £> 2 ]. 

Next, we introduce the skein algebra of E. Let us denote by K [g 2 ^ 2 ] the ring of Lau¬ 
rent polynomials in one variable 52 and K[g 2 ,g- 2 ]^(E)+ the free K[g 2 ,^- 2 ]-module 
on ,5f(E)+. The free module K[g 2 ^ g“ 2 ]^(E)+ has the multiplication induced from 
.jSf(E)+. We prepare two sets r{h) and f(&) to define a relation of the skein algebra for 
any strand b contained in a neighborhood of M of a link diagram D. The elements of r{b) 
(resp. (.{h)) is the simultaneous-crossings with b such that these simultaneous-crossings 
are located on the right (resp. left) side of the simultaneous-crossing of b. 

Let D be a link diagram. For an intersection point p G int 5” of D, we define link 
diagrams Dq and by eliminating the crossing at p as illustrated in Figure |9] The 
crossing data on the intersection points of Dq and Doo are naturally induced from the 
crossing data of D. We assume that the crossing data D~^{m) onm € M has the order 

■■■< ai = a2 = ■■■ = < b = bi = b2 = ■■■ = bj < Cl = C 2 = ■■■ = Ck <■■■ ■ 

Then we define link diagrams and D^_ by changing the order of The link 

diagrams and have the same underlying immersion with one of D. The crossing 
data of is 

■■■< ai = a2 = ■■■ = ai < bi = b2 = ■■•= bj < b < Cl = C 2 = ■■■ = Ck <■■ ■ 
and the crossing data of 

• • • < oi = 02 = • ■ • = Ui < 6 < 61 = 62 = • • • = < Cl = C2 = • ■ • = Cfe < ■ • ■ . 

Definition 5.5. The skein algebra Skq(E) on E is the quotient of K[g5, (E) by the 

ideal generated by the following relations; 

(1) [ZZ] = q [ZZq] + q~^ for any link diagram D and its intersection point p in 
int S {the Kauffman bracket skein relation), 

(2) qh{ibi{b)-H^r{h)) = [£)] = qHibr{b)-#i{b)) for any link diagram D 

and its intersection point min M (the boundary skein relation), 

(3) [O] = —{q^ + [0] where O is the curl on int S, 

(4) [Om\ = 0 for any min M where Om is the monogon with vertex m. 
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Figure 9. link diagrams Dq and 


We remark that the ideal generated by the relation A — B means that the ideal generated 
hy A-B. 

We prepare a Poisson algebra whose quantization is Skq(E). The Poisson algebra de¬ 
noted by Sk(I]) is obtained from PS(S)+|t=-i. 

Definition 5.6. The Poisson K-algebra Sk(E) is the quotient of the algebra S(E)+|t=-i 
by the ideal generated by the following relations: 

(1) \D\ = IZJqI + l-D^I for any underlying immersion of a link diagram D and its 
intersection point p S int S, 

( 2 ) | 0 | = - 2 . 

We remark that the relation (1) is independent of the crossing data of D. We can easily 
confirm that the ideal is the Poisson ideal of PS(E)+|t=-i- Therefore, we can obtain a 
Poisson structure on Sk(E). 

We calculate the Poisson bracket on Sk(S) according to the definition of Poisson bracket 
(EB. Let us denote by \D\ the element of Sk(E) represented by generic curves D. Let 
{a, 6} C Curves(E) be generic curves. We assume that the intersection points of a and b 
in infs' is {pi,p 2 , ■ ■ ■ ,Pn}- Then, 

|Ep,(a,&)|= ^ |XiX2---X,_iE,X,+iX,+2---X„(a,&)|, 

Xe{E,e} 

1 X 1 X 2 • • • Xi_ieiXi+iXi+2 • • • X„(a, 6)1, 

xe{E,e} 

|a||6|= ^ |XiX2---X„(a,6)|. 

Xe{E,e} 
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Therefore, 


n 

{ |aM6| } = ^ ^ |Xi ■ • • X,_iE,X,+i • • • X„(a, 6)| - |Xi • ■ • X,_ie.X,+i ■ • • X„(a, b)\ 

i=l Xe{E,e} 

+ ^ i(n+(a, 6) - n_(a,&)) 1 X 1 X 2 •• •X„(a, 6)1. 

xe{E.e} 


We observe a correspondence between the set of symbols X = { X 1 X 2 • • ■ X„ | X = E, e } 
and E = Ur=i{ ^ 1^2 • ■ -Xi-iEiXi+i • • ■ X„ | X = E, e }. Fix an element Y 1 Y 2 • ■ • Y„ e 
X, then the number of elements in E which coincide with Y 1 Y 2 ■ • • Y„ is the number of 
symbols E^ appearing in Y 1 Y 2 • ■ • Y„. Consequently, we can describe the bracket of Sk(I]) 
as the following. 


(5.8) 


{|a|,|6|}= ^ (#{X, = EO-#{X, =e,}) 1 X 1 X 2 •••X4a, 6)1 

XG{E,e} 

+ ^ i(7T+(a, 6) - 7T_(a, 6)) 1 X 1 X 2 • • •X„(a, 6)1 

xe{E,e} 


where #{Xi = E^} (resp. #{Xi = e^}) is the number of {E^ | i G {1, 2,..., n}} (resp. 
{ei I i e {1, 2,..., n}}) appearing in X 1 X 2 • • • X„. 

Let C[[/i]] be the ring of complex formal power series in one variable h. We consider 
the skein algebra of E with coefficient in C[[6-]], that is, the quotient of C[[6,]].if (E)+ such 
that its skein relations are obtained by substituting q = exp(6,/2). We denote by J^(S) 
the skein algebra with coefficient in C[[6,]]. We also use the same symbol as a framed link 
\D\ to represent the element in 

A simple multicurve D is an immersion of generic curves on E with no intersection 
points in int S, no curls and no monogons with vertices in M. We define the framed link 
of the simple multicurve D as a framed link [D] with only simultaneous-crossings. We 
denote by SMulti(E) the set of links of simple multicurves on E. 


Lemma 5.7 (Muller llT4l Lemma 4.1.). The skein algebra ,j^(E) is a topologically free 
module. 


Proof. We construct a -linear map from ,J^(E) to the set of formal power series 
with coefficient in CSMulti(E) where CSMulti(E) is the complex vector space spanned 
by SMulti(E). For any link diagram D, we expand [D] in a series of links of simple 
multicurves in J^(E). First, we can eliminate intersection points in int S' of D by using 
the Kauffman bracket skein relation. Next, the crossings of D on M can be deformed into 
simultaneous-crossings by using the boundary skein relation. Finally, we vanish curls and 
monogons by relation (3) and (4) in Definition |53] Consequently, [D] can be expanded in 
a formal power series with coefficient in CSMulti(E). The local moves of link diagrams is 
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realized by the skein relation and the boundary skein relation; 



Therefore, we get the same expansion of \D] for another link diagram D' which is a repre¬ 
sentative of the link \D]. 

We can describe any element / G as 

/ = Ef E ^ohD] 

n>o y_De®(s) 

where G C. By expanding [D] as the above, the element in CSMulti(E)[[/i]] is 
uniquely determined. We denote by T*: —>■ CSMulti(S)[[/i]] the -linear ex¬ 

tension of the above map where CSMulti(I])[[/i]] is the formal power series with coeffi¬ 
cient in CSMulti(E). The inverse map T': CSMulti(E)[[h]] ^ cj^(E) is induced by the 
composed map of the inclusion SMulti(E) into .jSf(E)+ and the projection of jSf(E)+ to 
,^(E). It is clear that T> o T- = idj)e';,(E) and T' o $ = idcsiviuiti(E)[[/i]]- □ 

Theorem 5.8. The skein algebra (E) gives a quantization of the Poisson algebra Sk(E). 

Proof. We can construct the C-linear isomorphism Sk(E) —CSMulti(E) in the same 
way as the construction of the map $ in the proof of Lemma l5^ Therefore, JffCE) is 
isomorphic to Sk(E)[[/i]] through CSMulti(E)[[h]]. 

Comparing the relations of ,^(E) and Sk(E), the algebra homomorphismp: ,^(E) -s- 
Sk(E) is obtained by h i-A- Oand [D] i-A- \D\. The algebra isomorphism p: 







POISSON ALGEBRAS OF CURVES ON BORDERED SURFACES AND SKEIN QUANTIZATION 


21 


Sk(S) is induced by p because keip = keip o ip = /iCSMulti(S)[[/i]] = We 

need to confirm the equation {p{x),p{y)} = p{{xy — yx)/h) for any x,y £ For 

any link diagram D £ ^(S), we can describe [D] £ J^(S) as a sum of multiplications of 
loops and arcs by using the skein relation and the boundary skein relation. Therefore, we 
only have to calculate the commutator p(([a] [ 6 ] — [fi][a])//i) such that a and b are generic 
curves in S. We define a link diagram L>(a, b) as a link diagram replacing over and under 
crossings of a • 5 with simultaneous-crossings at marked points. We denote the strands 
contained in the neiborhood of M of D{a, b) by ai, 02 , bi and 62 where Ui (resp. bi) is 
contained in a (resp. b) for i = 1,2. Then we obtaine the following equations by using 
boundary skein relation: 

[а] [b] = [a-b] 

[б] [a] = [6-a] 

We denote the intersection points of a and b in int S by {pi,P 2 , ■ ■ ■ ,Pn}- Then we elimi¬ 
nate the crossings at pi of D{a, b) and D{b, a) by using the skein relation; 

[D{a,b)]= •••)?:]> 

eiG{ 0 ,CXD} 

[Dib,a)]= 

€:^G{0,C5o} 

The elimination Si = 0 (resp. Si = 00 ) of pi of D{a, b) coincides with the elimination 
e' = 00 (resp. e' = 0) of pi of D{b, a) at the neighborhood of pi. Therefore, 

(5.9) [a][b]-[b][a]= ^ • • (P(a, 6 )?^)g) • • • )L"] 

eiG{ 0 ,cso} 

where c = #{ei = 0} — #{ei = 00 } and N = X]i=i #{^( 01 )} ~ #{^( 01 )}- We calculate 
(15.9b by substituting q = exp(/i/2) modulo Then, 

[a][b]-[b][a]= (^+^)h[{---ma,br,irj---)Z] (mod 

Eiefo.oo} ^ ^ 

Considering underlying immersion of [(• ■ • {{D{a, b)^})^f ) ■ ■ ■ )^7'], we get 
P([(... {{D{a,bY^j;^) ■ •. Yl]) = |Xp„ .. .X,,X,,(a,6)| 
where Xp. = Ep. if = 0 and Xp. = ep^ if Si = 00 . We can also show that 
e = #{Xp. = EpJ - #{Xp. = epj 


and 


Therefore, 



N = n+(a, b) — n-{a, b). 


= Y. (#{X* = E,}-#{X, =ej) 1X1X2 •••X„(a,&)| 

Xe{E.e} 

+ Y, ]^{n+{a,b)-n-{a,b))\XiX2---Xn{a,b)\ 
xe{E,e} 

={ |a| > 1^1 } by dlS. 


h 
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WATARU YUASA 


Thus, the map p induces an isomorphism of Poisson algebras JihCS) /and Sk(E). 

□ 


6. Appendix 

In this section, we review the definition of a (hi-, co-)Poisson (hi-, co-)algebra. 

Let i? be a commutative ring with unit and S a module over R. We assume that S is 

a commutative associative algebra equipped with a multiplication m: S' 0 S' —s- S' and a 

linear map V = {•,•}: S ^ S S. The symbol (g) denotes the tensor product over R in 
this section. 

Definition 6.1. The pair (S, V) is a Poisson algebra if it satisfies the following conditions. 

(1) V o (Ti _2 = —V (the skew symmetry), 

(2) V o (V (g) id) o (r^ + T + idg^a) = 0 (the Jacobi identity), 

(3) V o (id (g m) = m o (V (g id + (id (g V) o < 71 , 2 ) (the Leibniz rule) 

where <7^^ is an linear operator which exchanges Lth and j-th tensor components and 
T = 172,3 ° cri, 2 - We call the linear map V the Poisson bracket. We can describe above 
conditions explicitly as the following. For any a, 6, c in S 

(1) {a,b} = -{b,a}, 

(2) {a, {b, c}} + {b, {c, a}} + {c, {a, 5}} = 0, 

(3) {a, 6c} = {a, 6}c + 6{a, c}. 

Example 6.2. The symmetric algebra Sym(g) of a Lie algebra g over R is a Poisson 
algebra. By using the Leibniz rule, the Lie bracket of g is extended to the Poisson bracket 
on Sym(g). 

We assume that S' is a cocommutative coassosiative coalgebra equipped with a comul¬ 
tiplication A: S —)• S g) S and a linear map S: S ^ S ^ S. 

Definition 6.3. The pair (S, S) is a co-Poisson coalgebra if it satisfies the following con¬ 
ditions. 

(4) (7i,2 o (5 = —S (the co-skew symmetry), 

(5) (r^ + T 4 - idg^a) o (id g) 6) o 6 = 0 (the co-Jacobi identity), 

(6) (id g A) o (5 = ((5 g id -f ( 71,2 o (id g 6)) o A (the co-Leibniz rule). 

We call the linear map 6 the Poisson cobracket. The definition of a co-Poisson coalgebra 
is the dual of a Poisson algebra. 

Definition 6.4. A bialgebra (S, m, A) is a bi-Poisson bialgebra if S equips the above linear 
maps V and S which satisfy condition (l)-(6) and the following compatibility conditions. 

(7) A o V = o 0 - 2,3 o As®s (the (A, ^/(-compatibility), 

( 8 ) 5 om = ms®s ° 0 - 2,3 o (the [m, 5)-compatibility), 

(9) (5 o V = o 0 - 2,3 o (the (V, 6 )-compatibility) 

wherems^s = (mgm)oo-2,3, Ag^s = (72,3o(AgA), Vs^s = (Vgm-l-mgV) 00 - 2,3 
and 6 s 0 S = 0 - 2,3 o (6 g A -I- A g <5). 

Example 6.5. The symmetric algebra Sym(g) of a Lie coalgebra (g, 6) over R is a co- 
Poisson bialgebra. The comultiplication of Sym(g) is defined by extending A(a:) = x g 
1 -I-1 g a; for any a; in g as an algebra homomorphism. By using the (to, 6)-compatibility, 
the Lie cobracket of g is extended to the Poisson cobracket on Sym(g). 
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